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Characteristic polynomial, eigenvalues, and eigenvectors 2

For each of the following matrices, the following is requested:

1. Find the characteristic polynomial.

2. Find the eigenvalues and the associated eigenvectors.

<)
1 2
0 3
00

d)
-2 -1 -1
4 -8 -6
-4 11 9
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Solution

¢) Characteristic polynomial
The characteristic polynomial of A is obtained by computing
p(A) = det(4A — AI)
In this case,
1—A 2 3

A—-A = 0 3—A 4
0 0 7T—A

Since the matrix is triangular, its determinant is the product of the diagonal elements:
pA) =1 =B =N)(7T-A)
Thus, the characteristic polynomial of A is:

pAA) =1 =B =T -2

Eigenvalues and eigenvectors

The eigenvalues are the values of A that nullify the characteristic polynomial:

Eigenvalue )\ =1

To find the associated eigenvector, we solve

(A-I)v=0
In matrix form:
0 2 3
A-T=10 2 4
0 0 6
The resulting linear system is:
20+ 32=0
2y +42=0
6z =0

From the last equation, z = 0. Substituting into the other equations, y = 0, and = can take any value.
Taking x = 1, an associated eigenvector is:

V1 =

o O =
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d)

Eigenvalue \; =3

For this eigenvalue, we solve:

(A-3I)v=0
In matrix form:
-2 2 3
A-3I=|0 0 4
0 0 4

The resulting linear system is:
—2z4+2y+32=0
4z=0
4z=0

From the last equation, z = 0. The first equation reduces to —2x + 2y = 0, i.e., x = y. Taking z =1,
we obtain y = 1, with z = 0. An associated eigenvector is:

1
Vo = 1
0
Eigenvalue A3 =7
For this eigenvalue, we solve:
(A—THv=0
In matrix form:
-6 2 3
A-TI=10 -4 4
0 0 0

The resulting linear system is:

—6z+2y+32=0

—4dy+42=0

0=0
From the second equation, —4y+4z = 0 implies y = z. The first equation rewrites as —6x+2y+3z = 0,
which with y = 2 gives —6z + 5z = 0, i.e., x = %z Taking z = 6, we obtain z = 5 and y = 6. An
associated eigenvector is:

V3 =

D O Ot

Characteristic polynomial

The characteristic polynomial of A is obtained by computing
p(A) = det(4A — AI)

For the matrix
—-2—-A -1 -1
A— X = 4 —-8—-X -6
—4 11 9— A
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we have:

POV = (=2 — \) det <_81I A 9__6A) (=1 det <_44 9__6A> _ det <_44 o A)

= (=2 N)[(=8 = N)(©O = X) + 66 + [4(9 - ) - 24]
(

)
= —-(A+2)(\* -
=—(A+2)A-3)(A+2)
=—(A+2)*(A-3)

Therefore, the characteristic polynomial of A is:

p(A) = ~(A+2)*(A = 3)

Eigenvalues and eigenvectors

The eigenvalues are the values of A that nullify the characteristic polynomial:

A1 = —2 (multiplicity 2), Xy =3

Eigenvalue \; = —2
To find an eigenvector associated with A = —2, we solve
(A= (-2))v=(A+2)v=0

where

0o -1 -1

A4+2I=14 -6 —6

-4 11 11

The resulting system is:
—Yy—z= Oa

4x — 6y — 62 =0,
-4z + 11y 4+ 112 = 0.

From the first equation, we have y = —z. Substituting into the second, we get 4z = 0, which implies
x = 0. The third equation is automatically satisfied. Taking z = 1, an associated eigenvector is:

0
V] = -1
1
Eigenvalue \; =3
For this eigenvalue, we solve:
(A-3)v=0
where
-5 -1 -1

A-3I=4 —-11 -6
-4 11 6
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The system of equations is:

-5z —y—2=0,

dr — 11y — 62 =0,

—4x + 11y 4+ 62 = 0.
From the first equation, we deduce:

xr+y+2=0 = y=-dr—=z.
Substituting into the second:
4z — 11(—bz — z) — 62 = 4o + 55z + 11z — 62 = 59z + 5z = 0,

which implies:

59
=——x
5
Then,
= —bx — —§x = %x
v 5°) 75
Taking x = 5, we get:
5
Vo = 34
—59
Characteristic polynomial
The characteristic polynomial of A is obtained by computing
p(A) = det(A — AI)
For the matrix
-2 -1 -1

we have:
-2 —1 -1
p(A)=det [ 1 2—2X 1
2 2 3—A

2— )\ 1 1 1 2—-A
:—)\det< 9 >+det 9 3_ A)—det<2 9 )

:—A[(Q—)\)(B A)—2- 1}+[(3 ) — 2]—{2—2(2—»}
f—A[A2—5)\+4} (1-A) — [2 ]
=-AA-1DA-4)-(A-1)—2(A—
= AA=DA—4)—3(A—1)
——(A—1) [A(A 4+ 3}
= —(\— [ 4A+3]
=109

Therefore, the characteristic polynomial of A is:

p(A) = ~(A=1)*(A = 3)
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Eigenvalues and eigenvectors

The eigenvalues are the values of A that nullify the characteristic polynomial:

A1 =1 (multiplicity 2), Xy =3

Eigenvalue \; =1

To find the associated eigenvectors, we solve

(A-I)v=0
where
-1 -1 -1
A-TI=1]1 1 1
2 2 2
The only resulting condition is:
r+y+2=0.

This defines a two-dimensional eigenspace, so we can choose two linearly independent eigenvectors.
For example, a basis for this subspace is:

1 -1
vi=|-1 and vo=| 0
0 1
Eigenvalue \s =3
For this eigenvalue, we solve:
(A-3I)v=0
where
-3 -1 -1
A-3I=[1 -1 1
2 2 0
The system of equations is:
=3z —y—2=0,
r—y+z=0,
20 + 2y = 0.

From the third equation, 2z + 2y = 0 implies y = —z. Substituting into the second:
r—(—x)+z=2x+2=0 = z=-2z

Taking x = 1, we obtain:
1
V3 = -1
-2
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